PACS. 03.65.Ud -Entanglement and quantum nonlocality . PACS. 03.67.Mn -Entanglement production, characterization, and manipulation . PACS. 42.50.Dv -Nonclassical states of the electromagnetic field, including entangled photon states; quantum state engineering and measurements .
The zero point fluctuations of the vacuum state of the electromagnetic field are characterized by strong non local correlations [1, 2] which are at the origin of phenomena like Casimir -Polder forces [3] . An interesting open problem is the possibility to characterize the quantum nature of such non local correlations. So far most of the efforts done towards this direction have focused on violations of suitable Bell's inequalities by the the vacuum state fluctuations [4] . However a direct experimental detection of such inequalities violation for the vacuum state is awkward. In this letter we shall take a somewhat different approach. It is a well known fact that when two quantum subsystems, e.g. two atoms, interact with a common bath, they become entangled (for a recent example in literature see [5] ). Such a pair of subsystems can therefore be used as a probe of the nonlocal vacuum field fluctuations. In other words the quantum nature of such fluctuations can be characterized by the amount of entanglement induced between the two spatially separated probe atoms. The reason for such an approach is that Quantum Information Theory has provided new powerful mathematical tools to quantify the amount of entanglement between quantum subsystems in some specific situations. In particular for the case of a mixed state of two two-level systems the entanglement of formation E F is a suitable entanglement quantifier [6] , as it quantifies the amount of non local resources needed to create a given state. From a mathematical viewpoint the main advantage of considering the entanglement of formation is the fact that it is a monotone function of the so called concurrence, a quantity which is relatively easy to calculate. For an arbitrary bipartite system, the entanglement of formation E F turns out to be equal to [6] 
where x = (1 + 1 − C 2 (ρ))/2 and the Concurrence C(ρ) is defines as
where {α i } (i = 1, .., 4) are the square roots of the eigenvalues (in non-increasing order) of the non-Hermitian operatorρ = ρ(σ y ⊗ σ y )ρ * (σ y ⊗ σ y ), σ y is the y-Pauli operator and ρ * is the complex conjugate of ρ, in the basis of σ z operator.
In the following we shall use directly the concurrence as entanglement quantifier, rather than the entanglement of formation, since it turns out to be amenable to a straightforward physical interpretation and to be linked to the Casimir -Polder potentials.
The system we have considered consists of a pair of spatially separated two-level atoms, A and B, placed at R A and R B respectively, interacting with the the electromagnetic field in its vacuum state. The atom-radiation system is described by the multipolar Hamiltonian in dipole approximation
with
where, ω 0 represents the separation in angular frequency of the two atomic levels, S z , S + and S − represent the atomic pseudo-spin operators, a kj and a † kj denote the annihilation and creation operators, respectively, of photons with wavevector k and polarization j, and the coupling constant
is purely imaginary for real atomic dipoles d (i) and linear polarization unit vectorsê kj . Note that no rotating wave approximation has been made.
The normalized, dressed ground state of the two atoms can be written at second order of approximation in the compact form
The explicit form of the various probability amplitudes will be given later on. In order to calculate the concurrence we need the atom's reduced density operator ̺ AB = T r f ield | gg gg | D obtained by tracing over the field variables. A straightforward but tedious calculation gives
Our goal is the evaluation of the concurrence at second order of approximation. Since
, the matrix element ρ ee,ee must be evaluated at fourth order of approximation (see eq.s (19)(20)(21)). The relevant density matrix elements are
where R = R A − R B is the separation between the two atoms. Some of these terms contain the divergent sum
Although the introduction of a cutoff frequency would transform it into a convergent sum, it can more simply be neglected, since it comes from local processes where the atoms do not exchange photons. In these processes the photons emitted by each atom are either absorbed again by the same atom or remain in the field.
The sums over the wave vector k can be transformed into integrals using
where the differential operator
has been introduced for ease of notation and f (x) and g(x) denote the auxiliary functions of the integral sine and cosine functions [7] . We are now able to evaluate the concurrence, that for the present system is given by
where
Using a terminology typical of the Casimir -Polder context, these expressions simplify considerably when we examine their behavior in the near zone, defined by k 0 R ≪ 1, and in the far zone, defined by k 0 R ≫ 1: in both cases it results C = 2C (1) and, in particular,
The above expressions, which are the main result of this letter, are amenable of a straightforward physical interpretation. To illustrate the relations between our expressions for the concurrence and the Casimir -Polder potential we first observe that this latter can be written in the following form [8] :
is the equal-time spatial correlation function of the electrical field modes in the vacuum state and evaluated at the position of the two atoms. The quantity
is the classical interaction energy between two dipoles oscillating at frequency ck [9] . The near zone and the far zone potentials are obtained by taking respectively the high and low frequency limit. In the near zone the Casimir -Polder potential can be described as an electrostatic interaction between two dipoles. This is reflected in the concurrence, which in this region can be expressed as the ratio between the interaction energy between two permanent dipoles and the energy separationhω 0 (see eq. (22)). The fact that in the near zone the interaction between the two atoms is essentially of electrostatic nature and can be described by an effective Hamiltonian in which the field degrees of freedom are eliminated suggests that in such region the state of the two atoms is described by a pure density operator. Indeed, in the near zone, we have ρ 2 AB = ρ AB up to second order approximation if only the leading terms in the expansion in series of powers of k 0 R are kept. This implies that the field induces pure bipartite entanglement between the probe atoms i.e. there is no entanglement between atoms and field but only entanglement between the atoms which is mediated by the field.
When we move to the far zone, a typical change of the power law (R −4 instead of R −3 ) is found [10] and entanglement can be interpreted as a consequence of vacuum correlations of the electric field E [11] , since the concurrence can be cast in the form
where α mn denotes the static electric polarizability of the two atoms, assumed identical. In this zone the non local field zero-point fluctuations correlate non locally the atomic dipoles. Note that in this region the Casimir-Polder potential can be derived by an effective Hamiltonian in which the atoms interact with the field fluctuations via their static polarizability. In the far region the system manifests an essentially tripartite entanglement, since in this region we have ρ 2 AB = ρ AB . Furthermore for any separation R the concurrence, and thus the entanglement, is essentially determined by ρ ee,gg which, in turn, is determined by c ee . This fact is consistent with the observation that the term c ee | ee{0 kj } in the dressed ground state Eq. (8) is entirely due to the interaction of the two atoms via the common electromagnetic field.
In summary we have shown how two spatially separated atoms can be used to probe the non local quantum fluctuations of the vacuum state of the electromagnetic field. We have calculated the amount of entanglement between the atoms induced by the interaction with the common field and we have shown how the concurrence can be expressed in terms of physical quantities which can be straightforwardly linked with the Casimir -Polder potentials. This provides a physically transparent characterization of the entanglement created by the non local zero-point field fluctuations and suggests a strategy for its experimental detection. * * * This work was supported in part by the EU under grant IST -TOPQIP, (Contract IST-2001-39215).
